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This exam contains 12 pages (including this cover page) and 10 questions. Only answer 9
questions. Cross off the question you do not want graded from the grade table below. If
you do not cross off a question the first 9 will be graded. There are 54 points in total.
Put your name on every page. No calculators or notes may be used. Any expression for a
number is acceptable. You may freely reference any Twelvefold way number or coefficient of
a generating function. There is no need to find a decimal representation.

Honor Pledge: I have read and understand the exam instructions. I commit to uphold the
ideals of honor and integrity by refusing to betray the trust bestowed upon me as a member
of the Georgia Tech community.
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1. (a) (3 points) How many distinct ways can one rearrange the letters of the string
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(b) (3 points) Give the closed form of the generating function for the number of strings

of {1,2,4} whose digits sum to n. 4 ]
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2. (a) (4 points) Match each number in Set 1 with an equal quantity in Set 2.

Set 1

A. the number of length 25 decimal strings
. the number of length 25 binary strings with 10 ones
. the number of length 25 decimal strings containing every decimal digit

. the number of length 25 decimal strings where the digits appear in non-increasing
order

E. the number of decimal strings where the digits appear in non-increasing order
and the length plus digits sum to 15
Set 2
25
- (5o)
25+10—1
L (%)
II. p10(25) the number of integer partitions of 25 into 10 or fewer integers

V. s(25,10) the number of surjections from 25 to 10
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(b) (2 points) If you answer the above question by guessing a random matching, what
is the probability of not getting any correct at all?
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3. (6 points) Prove one of the following two statements. Circle the statement you are
proving.

1. Let C be a Hamiltonian cycle on a graph with vertices set {1,2,..., 10}. Prove
that there is a path of 5 vertices in C' whose vertex labels sum to at least 28.

2. Prove by induction that for every integer n > 2 we have Y ,_, ﬁ > \/n.
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4. For any non-negative integer n let a,, be the number of strings of {0, 1,2, 3,4, 5,6} that
never have a 0, 1, or 2 appear after a 3, 4, 5, or 6.

A
(a) (1 point) Give a linear recurrence relation satisfied by a,. ;"VQ
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(b) (2 points) Give a closed form generating function for a,,.
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(c) (3 points) Give a formula for a, in terms of n.
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5. (a) (3 points) What distinguishes problems in complexity class NP from other EXP
problems?

g A
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(b) (3 points) Milk is sold in jugs with volume } gallon, 3 gallon, or 1 gallon. How

many distinct collections of milk jugs have 42 gallons in total?
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6. Consider the graph shown below. (For your convenience there is another copy on the
back of the cover page. /
page.) A g il
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(b) (2 points) Is the graph planar? Explain. f/ :
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(c) (2 points) Compute a maximal matchmg of the grap ‘
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7. Consider the weighted graph shown below. (For your convenience there is another copy

on the back of the cover page) l , 'ZL2L554455éé< >
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(a) (1 point) Is the graph Hamiltonian? 2 so ;r thes (1?4("([
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(b) (1 point) Is the graph Eulerian?
i R G

(c) (2 points) Compute a minimal spanning tree.
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(d) (2 points) Compute the weight of a minimal clo?gzi walk ?ﬂ;ammg every edge.
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8. (a) (3 points) For the binary relation R and set X below, is R a partial order on X?
If no, which property does the relation R lack?

(a) X is the set of subsets of {0,1,2,3,4}. For z,y € X, zRy if there is a surjective

funct—i>sya il i }Jré gma/ 7 XRj l7<1>\‘j\

. R is not a partial order because it lacks the property

(b) X is the set of humans who have lived on Earth. For z,y € X, zRyif z is y or
x is an_ancestor of y. Se-t- 5 a l’){‘t’ 7[5 f/\l— rda-((w ,5 Hg%o(lve '('WS/‘/‘IH
R is a partial order anti mw—{,rc i Jom tenut as jm{( WCQ‘,L
B. Risnot a partial order because it acks the property i

(c) X is the set of subgraphs of K7. For z,y € X, zRy if z is hc::lz)morphic to y.
A. R is a partial order it a inekvi € 1N

R is not a partial order because it lacks the WVL’\" SDM’M&N property

(b) (3 points) Consider the Hasse diagram for the division lattice of 40, shown below.
What is the width? Give a maximal antichain. Give a minimal partition into chains.

N e 00 T is a marinel ancichain
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9. (a) (2 points) What is the Polya cycle index of the permutation (0)(12)(354)(67)(8)?

X’ Xng XZXI

2
- X,Z ?(2 7<3

(b) (4 points) Consider the graph shown below. How many distinct ways can the ver-
tices be painted red orange yelloW green or blue up to isomorphisms of the graph?
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10. (a) (2 points) State the Min-Cut-Max-Flow Theorem.
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(b) (4 points) Consider the flow network shown below. (For your convenience there is
another copy on the back of the cover page.) Compute a minimal cut. What is the




